Abstract: This paper first investigates the challenging graph theoretic problem of constructing universally rigid tensegrity frameworks given any generic configuration. We design a numerical algorithm to construct a universally rigid tensegrity framework, such that the resulted eigenvalues of the stress matrix of the tensegrity framework can be selected beforehand. As one application, we then consider the formation scaling problem for multi-agent systems, in which the agents and their interaction relationship are respectively represented by the nodes and the underlying graph of the tensegrity framework. Distributed control laws are developed using the stresses, which render the global exponential convergence to the target formation shape. We also carry out several simulations to validate the theoretical results.
Introduction
Rigid frameworks have been applied broadly in various fields, e.g. architecture, engineering and biomedicine [1, 2] . To characterize rigidity, the so-called bar-joint framework has been extensively studied. Intuitively speaking, (local) rigidity determines the uniqueness of the framework up to congruence, which implies motions of the framework preserving the inter-node distances are those corresponding to the combinations of translation, rotation and reflection of the whole framework. When we confine the uniqueness of the framework to the whole space of some specific dimension, the framework becomes globally rigid. Furthermore, a stronger notion describing that a framework is uniquely determined up to congruence in any higher dimensional space is universal rigidity. In this paper, we consider a class of frameworks named as tensegrity frameworks, which is obtained through replacing edges by three different types of members: cables, struts, and bars.
A challenging problem concerned with rigidity is to determine whether a given tensegrity framework is rigid (resp. globally rigid and universally rigid). It is already well known that infinitesimal rigidity can be guaranteed if the corresponding rigidity matrix satisfies some rank conditions. However, for global rigidity and universal rigidity, the problem is known to be NP-hard even in some low dimensional Euclidean spaces, e.g. R 1 [3] . To make the problem more tractable, researchers concentrate on tensegrity frameworks with generic configurations, where the nodal coordinates are algebraically independent over the rationals. Some exploring efforts along this line have been made in [4, 5] , where sufficient conditions for a tensegrity framework of generic configurations to be globally/universally rigid have been given, and the necessity of these conditions is later proved in [6] .
However, it is still a challenging task to systematically construct universally rigid tensegrity frameworks due to strong inner couplings between sufficient conditions of universal rigidity. One of the well-established findings is that for a tensegrity framework with a shape of convex polygons in the plane, universal rigidity can be obtained if the stresses of the boundary edges and the interior edges are respectively set to be positive and negative constants [7] . For a class of Grünbaum frameworks 1 , the construction for universally rigid tensegrity frameworks in two-or three-dimensional spaces is studied in [8] , in which the approach strongly relies on the computation of the convex hull. In the case when only the configuration is known, to create a universally rigid tensegrity framework, the edges together with their stresses of the underlying graph are determined through the algorithm in [9] , which is highly likely to result in a complete graph. In [10] , a band-form stress matrix is constructed by applying the 'turning back' approach.
Rigidity of an underlying graph plays an important role in distance-based formation control [11] [12] [13] . As one of the fundamental problems in cooperative control of multi-agent systems, formation control has been extensively studied in different aspects. For example, a stop-and-go strategy is designed to stabilize a generically minimally rigid formation using range-only measurements [1] , a bearing-based method is developed to maneuver the formation by employing the invariance property of the bearings [14] , and the estimationbased formation tracking problem is discussed in [15, 16] , to name a few. Note that the interacting weights among agents in the aforementioned works are all positive, and it has been shown that faster convergence speed could be obtained through using negative weights, at least for the linear consensus dynamics [17] . Recently, a new type of formation pattern called affine formation has been investigated in [18] , in which necessary and sufficient graphical conditions to achieve an affine formation is presented by employing the concept and properties of universal rigidity theory.
Motivated by the above-mentioned results, the goal of the current paper is to first design an algorithm to construct a universally rigid tensegrity framework given any generic configuration. Then, by mapping a multi-agent system in the constructed tensegrity framework, we develop distributed control laws for the multi-agent system to solve the formation scaling problem.
The paper is organized as follows. Section 2 introduces the basic knowledge of rigidity theory and the formation scaling problem. In Section 3, a numerical algorithm on how to construct universally rigid tensegrity frameworks is presented. Section 4 develops a distributed control law for controlling the formation scaling. Simulations results are presented in Section 5. Finally, we draw the conclusion in Section 6.
Rigidity graph theory and problem formulation
We follow the convention in [4] to present a brief overview of rigidity graph theory and some relevant results. Let V = {1, 2, · · · , n} and E ⊆ V × V be, respectively, the vertex set and the edge set of an undirected graph G representing the neighboring relationships between n vertices. There is an edge (i, j) if and only if vertices i and j are neighbors of each other. By assigning an arbitrary orientation to G, the
|E|×n is defined by
ith edge enters node j, − 1, ith edge leaves node j,
where |E| represents the cardinality of the edge set E. A configuration is a finite collection of n labeled points in
together with its corresponding configuration q, where the graph is finite and without loops or multiple edges.
Given a framework
With these concepts, we say that a framework
To characterise the universal rigidity of a tensegrity framework, we also employ the concept of stress. For each edge (i, j) of a tensegrity framework (G, q), we assign a scalar ω ij = ω ji , and use ω ∈ IR |E| to denote the concatenated
Then ω is called a stress of (G, q). In physics, ω ij is interpreted as the axial force per unit length along the edge (i, j). Let q * be a given configuration. Then we say ω is an equilibrium stress of (G, q * ) if it is a solution to the equation set
where N i is the set of adjacent vertices of i in G. Given ω, the associated stress matrix Ω ∈ IR n×n is defined by letting
In this paper, we are interested in a class of special tensegrity frameworks with generic configurations. We say a configuration q is generic if the coordinates of q are algebraically independent over the rational numbers, namely, there is no non-zero polynomial with rational coordinates satisfied by the coordinates of q [19] . Another important concept is affine transformation of q, which is defined by
There are several conditions to guarantee universal rigidity of a tensegrity framework. We introduce here the following lemma to be used later.
) is universally rigid if and only if there exists a positive semi-definite stress matrix Ω such that its rank is
With the knowledge about rigidity graph theory, we first design an algorithm to construct a universally rigid tensegrity framework given the generic configuration q
Then, a group of n ≥ d + 2 mobile agents is considered, each of which is modeled by single integrator dynamicsq
where q i ∈ IR d is the position of agent i and u i ∈ IR d is the control input. Suppose each agent (modeled by single integrators) corresponds to the node and the interaction relationship among the agents is described by the resulted stress matrix. The objective of the formation scaling is, by using the virtual tensegrity framework, to design distributed control laws
where α is a positive constant.
Constructing universally rigid tensegrity frameworks
In this section, we aim to construct universally rigid tensegrity frameworks given some generic configuration. Note that once the configuration of a tensegrity framework is determined, the construction of tensegrity frameworks is equivalent to assigning edges together with their stresses to the node pairs. By taking the fact that the edges are distinguished through stresses into consideration, the problem finally is equivalent to computing the stress matrix with prescribed eigenvalues given some generic configuration.
Suppose the affine span of the given generic configuration
For a generic configuration with the dimension of its affine span being d, we automatically have rank(Q) = d + 1. Then, one can always find a matrix D ∈ IR n×(n−d−1) whose columns form a basis of the null space of Q, i.e., QD = 0.
Matrix D is called the Gale matrix [20] associated with (G, q * ). Correspondingly, the stress matrix Ω can be constructed by
where
is positive definite. Then, to compute the stress matrix Ω, one needs to derive the Gale matrix D and Ψ first.
In practice, the force exerted on some member is closely related to the stiffness of the member if one wants to reshape it. To balance the stiffness and the control force used to deform the formation shape, the set of eigenvalues of the stress matrix Ω are expected to form some prescribed set
Now, we present detailed procedures on how to achieve this objective.
Consider that the Gale matrix D is full column rank. Then, from the singular value decomposition (SVD) technique, there exist unitary matrices U ∈ IR n×n and V ∈
where (9) and (10), Ω can be rewritten as
Due to the fact that eigenvalues are not affected by similarity transformation, the set of the eigenvalues of matrix Ω Λ is exactly the set Λ, i.e., {λ ΩΛ } = Λ. Note that Ω Λ can also be written as
Here, the problem of calculating the Gale matrix D in (7) can be regarded as the Multiplicative Inverse Eigenvalue Problem (MIEP). However, this problem does not always have solutions [21, Theorem 3.14] . Recalling the matrices V and Σ D are both nonsingular, one can formulate Ψ as
To sum up, the numerical Algorithm 1 is designed, in which the steps on how to construct the stress matrix with predefined eigenvalue set Λ = {λ 1 
Proposition 1 Given an arbitrary generic configuration
q * ∈ IR d ,
the universally rigid tensegrity framework can be constructed with the stress matrix derived from Algorithm 1 having prescribed eigenvalues.
Proof of Proposition 1 From Algorithm 1, it is quite straightforward to know that the resulted stress matrix Ω is positive semi-definite with rank n − d − 1. Then, from Lemma 1, we know the tensegrity framework associated with stress matrix Ω is universally rigid.
Formation scaling control
In this section, we consider the formation scaling control problem, in which the formation can expand or shrink according to the parameter α defined in (5). Distributed control laws are proposed by combining the resulted tensegrity framework in the previous section.
First, we introduce one proposition.
Proposition 2 Given the positive semi-definite matrices X ∈ IR n×n and Y ∈ IR n×n . Let Z = X + Y . Then for any nonzero vector ξ ∈ IR n , ξ ∈ ker(Z) if and only if ξ ∈ ker(X) and ξ ∈ ker(Y ).
Due to the space limitation, we omit the proof here.
Controller design
Note that for an affine transformation, we have
which implies the configuration after affine transformation is still in equilibrium with ω. Before moving on, we select d pairs of agents, such that the dimension of the convex hull of the selected agents is d. Denote the set of these agents by V l = {1, · · · , n l } with the corresponding edge set E l = {(i, j)|i ∈ V l , j ∈ V l }, and the remaining agents by V f = {n l + 1, · · · , n}.
Then, the control input for each agent i is designed as
where ω ij is the stress of edge (i, j) derived in Section 3, and k S ij is an arbitrary positive scalar. The internal force u F i generated from the virtual tensegrity framework is to stabilize the formation shape and the external force u S i is to realize formation scaling.
Stability analysis
The main result concerning the formation scaling is presented as follows. (4) , by employing the virtual tensegrity-framework-based control laws (16) , the target formation with a scaling parameter is globally exponentially stabilized. 
Theorem 1 For system

Proof of Theorem 1 The control input u
T T are the vector form of q i and u F i , respectively. Similarly, consider the scaling control part of (16), i.e., u S i , which can be written in the vector form as
where u S is the concatenated form of u
The matrix L s is given by
where L l is the Laplacian matrix associated with the agents in the set N l , defined by
By combining (17) and (18), it follows
where we have used the stress equilibrium condition that
Then, the closed loop system can be written asq
Note that the stress matrix Ω is positive semi-definite, as well as L s . Therefore, the matrixÃ is positive semi-definite. Hence, the equilibrium of the closed-loop system (23) is globally stable. And, the equilibrium points of system (23), denoted by q e , satisfẏ
whereq e is the stacked vector ofq
Therefore, we have
and similarly,
Equivalently, we consider the reduced form of (27) as follows
where (2) and (26), we know q e is the affine transformation of q * with respect to Ω, i.e.,
where A ∈ IR d×d and b ∈ IR d . Substituting (29) into (28), yields
Therefore, it follows from (30) and (31) that
Considering n l > d, and to make (33) hold, it requires
where ξ ∈ IR d is any arbitrary real vector. Then, we obtain
By recalling that the dimension of the convex hull of (q *
Then, we can draw the conclusion that formation scaling is achieved.
Note that
Since q converge to αq * , only the freedom of translation is left for the stabilized formation, which results from the basis 1 n in the null space of Ω. Consider that
Consequently, again from Proposition 2, we have
Now, we show the convergence is achieved globally exponentially and derive the guaranteed exponential rate.
Define the formation centroid by
Then, the dynamics of the centroid satisfẏ
which implies that the centroid of the formation keeps static. Following the same line of the proof in [22, Theorem 3] , we construct an orthogonal matrix S ∈ IR dn×dn as
where S r ∈ IR d(n−1)×dn . Then, consider the coordinate transformation as follows
Taking the derivative of both sides of (41), we havė
Equivalently,
Consequently, the transformed system dynamics become ṗ c = 0
In view of (38), we know the matrix S rÃ S T r is positive definite. Therefore, the state p r will globally exponentially converges to the equilibrium p r = 0. Recalling (42) with orthogonal matrix S and the fact that p c keeps constant, we draw the conclusion thatq globally exponentially converge to zero, which implies q converges to αq * globally exponentially from (19) . This indicates the formation scaling is achieved in the sense of globally exponential stability. In addition, it can be seen from (45) (20) . [23] , the advantage of the proposed control strategy in this paper is that only a few number of agents are required to have the common knowledge of a global coordinate system, which will greatly facilitate its implementation.
Remark 2 In comparison with the displacement-based formation control
Simulation results
In this section, we validate the effectiveness of the theoretical results derived in the previous sections.
Construction of universally rigid tensegrity frameworks
Consider a configuration in the plane, given by
With q * , the prescribed shape is shown in Fig. 1 . In addition, we prescribe the nonzero eigenvalue set of the resultant stress matrix to beΛ = {8, 9}. According to our numerical Algorithm 1, one solution of the stress matrices is as follows 
Then, the corresponding universally rigid tensegrity framework is shown in Fig. 2 , where the stresses of solid and dashed lines are negative and positive, respectively.
In comparison, if we directly compute the stress matrix according to Ω = DD T , the resulted eigenvalues of the stress matrix are 0.8905 and 18.2797.
Formation scaling
Based on the obtained stress matrix Ω, we implement the control law (16) , where N l = {1, 2, 3} and k S ij is chosen to The shape of the formation of the five agents at t ∈ {0, 2, 5, 6, 8, 10}s are shown in Fig. 3 , where the initial formation shape is zoomed in on the top. It can be seen that the formation scaling can be achieved for piece-wise constant scaling parameter α. The scaling distance errors with respect to agents 1 and 3 are respectively given in Fig. 4 , from which we know the edge lengths converge to their desired ones.
Conclusion
In this paper, given any arbitrary generic configuration, we have proposed a numerical algorithm to construct universally rigid tensegrity frameworks with prescribed eigenvalues of the stress matrix. Then, we have designed distributed control laws for multi-agent systems using the virtual tensegrity framework. It has been shown that formation scaling can be achieved by only controlling a small number of the agents. Future work includes the construction of universally rigid tensegrity frameworks for more general configurations, and time-varying formation control.
